ABSTRACT. Let C be a hyperelliptic curve embedded in its Jacobian J via an AbelJacobi map. We compute the scheme structure of the Hilbert scheme component of Hilb J containing the Abel-Jacobi curve as a point. We relate the result to the ramification (and to the fibres) of the Torelli morphism M g → A g along the hyperelliptic locus.
INTRODUCTION
In this note we study the deformation theory of a smooth hyperelliptic curve C of genus g ≥ 3, embedded in its Jacobian J = (Pic 0 C , Θ C ) via an Abel-Jacobi map aj: C → J .
We work over an algebraically closed field k . Our aim is to compute the scheme structure of the Hilbert scheme component
Hilb C / J ⊂ Hilb J containing the point defined by aj. It is well known that the embedded deformations of C into J are parametrised by translations of C , and that they are obstructed (see the next section for more details). In other words Hilb C / J is singular, with reduced underlying variety isomorphic to J . The tangent space dimension to the Hilbert scheme has been computed in [10, 7] . The result is
Therefore, as dim J = g , the non-reduced structure of Hilb C / J along J is accounted for (up to first order) by g − 2 extra tangents. By homogeneity of the Jacobian, one might expect a global decomposition
for some Artinian scheme R g with embedding dimension g − 2. As we shall see, this is precisely what happens, and R g turns out to be the "smallest" Artinian scheme with the required embedding dimension. More precisely, let where m = (s 1 , . . ., s g −2 ) is the maximal ideal of the origin. The main result of this note is the following.
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THEOREM. Let C be a hyperelliptic curve of genus g ≥ 3, and let J be its Jacobian. There is an isomorphism of schemes
where R g is the Artinian scheme (1).
Let M g be the moduli stack of smooth curves of genus g , and let A g be the moduli stack of principally polarised Abelian varieties of dimension g . The Torelli mor-
sends a curve C to its Jacobian, principally polarised by the Theta divisor Θ C . One can interpret the Artinian scheme R g as the fibre of τ g over a hyperelliptic Jacobian:
this makes explicit the link between the ramification of τ g and the singularities of the Hilbert scheme Hilb C / J (or, in other words, the obstructions to deform C in J ).
Conventions.
We work over an algebraically closed field k of characteristic p ≥ 0, with p = 2. All curves are smooth and proper over k , and their Jacobians are principally polarised by the Theta divisor.
RAMIFICATION OF TORELLI AND THE HILBERT SCHEME
In this section we provide the framework where the problem tackled in this note naturally lives in.
1.1. Deformations of Abel-Jacobi curves. The following theorem was proved in the stated form by Lange-Sernesi, but see also the work of Griffiths [7] . (i) If C is non-hyperelliptic, then Hilb C / J is smooth of dimension g .
(ii) If C is hyperelliptic, then Hilb C / J is irreducible of dimension g and everywhere non-reduced, with Zariski tangent space of dimension 2g − 2.
In both cases, the local deformations in J are given by translations.
The statement of Theorem 1.1 is proved over in [10] , but it holds over algebraically closed fields k of arbitrary characteristic. To see this, we need Collino's proof of the Ran-Matsusaka criterion for Jacobians over an arbitrary field, which we state here for completeness. 
It is clear that Hilb C / J is smooth of dimension g if and only if ∂ = 0, if and only if σ is injective. The map σ factors through the subspace Sym 2 H 1 (C , C ), and its dual is the multiplication map 
from the stack of nonsingular curves of genus g to the stack of principally polarised
Abelian varieties, sending a curve to its (canonically polarised) Jacobian. The infinitesimal Torelli problem asks whether the Torelli morphism is an immersion. It is well known that τ g is ramified along the hyperelliptic locus: this is again the statement
is injective on geometric points by Torelli's theorem, it is not an immersion. Note, however, that since the image of µ C has dimension g − 2, the restriction of τ g to the hyperelliptic locus is an immersion.
We have established that the failure of infinitesimal Torelli at [C ] ∈ M g is equivalent to Hilb C / J being singular at the Abel-Jacobi embedding [C → J ]. We also know that Hilb C / J is a thickening of J . Computing this non-reduced scheme structure explicitly will be equivalent to understanding the fibres of τ g over hyperelliptic points.
The local Torelli problem for curves, studied by Oort and Steenbrink in [12] , asks whether the morphism
between the coarse moduli spaces is an immersion. These schemes do not represent the corresponding moduli functors, so the local structure of t g is not ( 
MODULI SPACES WITH LEVEL STRUCTURES
In this section introduce the moduli spaces of curves and Abelian varieties we will be working with throughout.
2.1. Level structures. Let S be a scheme. An Abelian scheme over S is a group scheme X → S which is smooth and proper and has geometrically connected fibres.
We let X → S denote the dual Abelian scheme. A polarisation on X → S is an Smorphism λ: X → X such that its restriction to every geometric point s ∈ S is of the
for some ample line bundle on X s . We say λ is principal if it is an isomorphism.
Fix an integer n > 0 and an Abelian scheme X → S of relative dimension g . Multiplication by n is an S -morphism of group schemes
[n]: X → X , and we denote its kernel by X n . Assuming n is not divisible by p , we have that X n is an étale group scheme over S , locally isomorphic in the étale topology to the constant group scheme ( /n ) 2g . One has X n = X D n , where the superscript D denotes the Cartier dual of a finite group scheme. Then any principal polarisation λ on X induces a skew-symmetric bilinear form
where e n is the Weil pairing. The group /n is Cartier dual to µ n . We endow
n with the standard symplectic structure, given by the 2g × 2g matrix
Definition 2.1 ([12])
. A level-n structure on a principally polarised Abelian scheme
A level-n structure on a smooth proper curve C → S is a level structure on its Jacobian
For later purposes, we need to strengthen the condition (p , n) = 1 by making the following:
Assumption 2.2. Having fixed p = chark and the genus g , we choose n ≥ 3 such that the order of the symplectic group
is not divisible by p . In particular, (p , n) = 1. The assumption implies that the group Sp(2g , /n ) acts freely and transitively on the set of symplectic level-n structures on a curve defined over k .
Curves with level structures are represented by pairs (C , α). We consider (C , α) g we refer to [13] , whereas the one about Consider the morphism
sending a curve with level structure to its Jacobian, as usual principally polarised by the Theta divisor. The map j n is generically of degree two onto its image, essentially because of Remark 2.3. To link it back to t g : M g → A g , Oort and Steenbrink form the geometric quotient
The map j n factors through a morphism Torelli (which strictly speaking only holds globally in characteristic 0): all we need in our argument is Theorem 2.5, which is why we assumed k has characteristic p = 2.
The following result was proven in [6, Prop. 5.8] in greater generality. We give a short proof here for the sake of completeness. On the other hand, the geometric fibres of ϕ are the symplectic groups Sp(2g , /n ), 
allows us to identify the map
already appeared in (2), with the tangent map of j n at a point [C , α]. As we already mentioned, in [12, Section 2] it is shown that the kernel of σ has dimension g − 2.
In particular, the restriction of j n to the hyperelliptic locus is an immersion.
PROOF OF THE MAIN THEOREM
Let C be a hyperelliptic curve of genus g ≥ 3 and let J be its Jacobian. Fix an Abel-Jacobi embedding C → J and let
be the Hilbert scheme component containing such embedding as a point. Let
be the universal family over the Hilbert scheme.
LEMMA 3.1. The restriction morphism
is an isomorphism of Abelian schemes over H . is an isomorphism on each fibre over H . Therefore it is a flat, unramified and bijective morphism, hence an isomorphism.
Let α be a fixed level-n structure on J , with n ≥ 3 and (p , n) = 1. Form the constant level structure α H on the Abelian scheme J ×H → H . Transferring the level structure α H from J × H to Pic 0 (Z g /H ) using the isomorphism η * of Lemma 3.1, we can now regard Z g → H as a family of Abel-Jacobi curves with level-n structure. Since M (n ) g is a fine moduli space for these objects, we obtain a morphism
Note that the topological image of f is just the point
already appeared in (2).
Our next goal is to view the Hilbert scheme H over a suitable Artinian scheme R g .
Recall the Torelli type morphism j n :
to be the scheme-theoretic fibre of j n over the moduli point
be the image of the point
g under the quotient map. During the proof of [12, Cor. 3.2] it is shown that one can choose local coordinates t 1 , . . ., t 3g −3 around
Here Σ is the involution first appeared in (3). One has
Since we have a factorisation
where ι is an immersion by Theorem 2.5, we deduce from (5) that
where m = (s 1 , . . ., s g −2 ) is the maximal ideal of the origin in Spec Recall the cohomology sequence
where σ factors through Sym
σ is the differential of the Torelli morphism τ g . If C were non-hyperelliptic, the first map
would be an isomorphism, so the connecting homomorphism ∂ would vanish. But we know that the image of ∂ has dimension g −2 > 0.
In other words, the differential ∂ = d f , where f was defined in (4), does not vanish at the point [C ] ∈ H . Thus f is not scheme-theoretically constant, although
g is the only point in the image. On the other hand, the composition
is the constant morphism since its differential is identically zero. Indeed the com-
vanishes by exactness of (6) . So the image point [ J , α] does not deform even at first order, and we conclude that f factors through the scheme-theoretic fibre of j n . This gives us a morphism (7) π: H → R g .
We will exploit the following technical lemma. 
We next show that the composition
is an isomorphism, where π is defined in (7) . The following lemma is elementary, and its proof is omitted. 
PROOF. The kernel of H
, which can be identified with the
, is the tangent space T R g to the Artinian scheme R g , as the latter is by definition the fibre of j n . We then have a direct sum decompo-
The intersection of S g and J inside H is the reduced origin 0 ∈ J , so the linear subspace T S g ⊂ T 0 H intersects T 0 J trivially, which implies that the tangent map
On the other hand, the inclusion T S g ⊂ T 0 H is cut out by independent linear functions, again because T S g ∩ T 0 J = 0. It follows that the linear inclusion
The claim follows.
COROLLARY 3.5. The map ρ : S g → R g of (8) is an isomorphism.
PROOF. The map ρ is proper, injective on points and, by Lemma 3.4, injective on tangent spaces. Then it is a closed immersion; in fact, by Lemma 3.4 again, it is an isomorphism on tangent spaces, so by Lemma 3.3 it is an isomorphism.
The above corollary yields a section of π,
which finally allows us to prove the main result of this note. In fact, since the square
is cartesian, the Artinian scheme R g is precisely the fibre of the Torelli morphism τ g over a hyperelliptic point
Therefore, understanding the ramification (the fibres) of the Torelli morphism is equivalent to understanding the singularities of the Hilbert scheme, and these are controlled by the Artinian scheme R g . 
